Abstract. Let p be an odd prime and let a, b ∈ Z with p ∤ ab. In this paper we mainly evaluate
is a positive integer divisible by the class number of the imarginary quadratic field Q( √ −p).
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Introduction
Let p be an odd prime. It is well known that the numbers 0 2 , 1 2 , . . . , p − 1 2 2 are pairwise incongruent modulo p. In [S19] the author investigated the determinants
, where d is an integer not divisible by p, and ( · p ) is the Legendre symbol. In particular, Sun [S19] showed that if ( Recall that the tangent function tan x has period π. For a, b ∈ Z we define In this paper we aim to evaluate the determinants T
p (a, b) and T
p (a, b). Now we present our main results. Theorem 1.1. Let p be an odd prime and let a, b ∈ Z with p ∤ ab.
(i) Assume that p ≡ 1 (mod 4). Then
where ε p and h(p) are the fundamental unit and the class number of the real quadratic field Q( √ p). When (
(1.7) Theorem 1.2. Let n > 1 be an odd integer and let a and b be integers with gcd(ab, n) = 1. Then
where ( · n ) is the Jacobi symbol. Theorem 1.3. Let p > 3 be a prime, and let a, b ∈ Z with ( −ab
where h(−p) is the class number of the imaginary quadratic field Q( √ −p).
Remark 1.1. It is known that 2 ∤ h(−p) for each prime p ≡ 3 (mod 4). In 1961 L. J. Mordell [M61] even proved that for any prime p > 3 with p ≡ 3 (mod 4) we have
(mod p).
Theorem 1.4. For any odd prime p, we have
We are going to provide several lemmas in the next section and then prove Theorem 1.1 in Section 3. Theorems 1.2-1.4 will be shown in Section 4. In Section 5, we pose some conjectures on determinants involving the tangent function.
Some Lemmas
Lemma 2.1. Let A be the matrix [a jk ] 0 j,k n with a jk complex numbers for all i, j = 0, . . . , n. Then
1)
where B = [b jk ] 1 j,k n with b jk = a jk − a j0 − a 0k + a 00 .
Proof. As (x + a jk ) − (x + a 0k ) = a jk − a 0k for all 0 < j n and 0 k n, we have 
This concludes the proof of (2.1).
Corollary 2.1. Let m and n be positive integers with 2 ∤ n. Let f (x) : R → R be an odd function, where R is the field of real numbers. Then, for any integer d, the determinant
Proof. Let
For 1 j, k n set b jk = a jk − a j0 − a 0k + a 00 . As f is an odd function, we have 
Lemma 2.3 (Pan [P06] ). Let n > 1 be an odd integer and let c be any integer relatively prime to n. For each j = 1, . . . , (n − 1)/2 let π c (j) be the unique r ∈ {1, . . . , (n − 1)/2} with cj congruent to r or −r modulo n. For the permutation π c on {1, . . . , (n − 1)/2}, its sign is given by
Lemma 2.4 (Sun [S18] ). Let p be an odd prime. Let ζ = e 2πi/p and a ∈ Z with p ∤ a.
(
where ε p and h(p) are the fundamental units of the real quadratic field Q( √ p).
(ii) Suppose that p ≡ 3 (mod 4). Then
(2.7)
Also,
Lemma 2.5. Let p be an odd prime and let a, b ∈ Z with ( −ab
(2.9)
Note that r(0) = 0 since (
It is well known that for any a 0 , a 1 , a 2 ∈ Z with p ∤ a 0 we have
(2.10) (See, e.g., [BEW, p. 58] .) Therefore
In view of the above,
Clearly,
In view of (2.8),
(1 − e 2πim/p )
(1−(
Thus the desired (2.9) follows.
Proof of Theorem 1.1
We can easily verify the desired results for p = 3. Below we assume that p > 3. For convenience, we set n = (p − 1)/2 and ζ := e 2πi/p . Since
we also have
By Lemma 2.3, for each δ ∈ {0, 1} and integer d ≡ 0 (mod p), we have
Proof of the First Part of Theorem 1.1. As p ≡ 1 (mod 4), we have 2 | n.
and thus det T
by (3.3) and the equality ( 
does not depend on x. So, with the help of (3.2), we get
In light of Lemma 2.2,
Therefore,
with the help of Lemma 2.4(i). Now suppose that (
where d jk = c jk − c j1 − c 1k + c 11 . In light of (3.1),
and hence (1.5) is implied by 
.
Note that
by (2.5), and 
p (a, −a) and T
(1)
p (a, −a).
Now we determine T (0)
p (a, −a). In view of Corollary 2.1 and (3.2), we have
By Lemma 2.4,
and
for some c ∈ Z with p ∤ c, and hence by Lemma 2.3 we have T
p (a, a) since (p + 1)/2 is even.
Clearly
where
Recall that tan(x + y) = tan x + tan y 1 − tan x tan y .
So we have
In view of (3.2), (3.6) and (3.7),
With the help of Lemma 2.2,
(3.10)
By Lemma 2.4(ii),
In view of Lemma 2.4(ii) and Lemma 2.5,
Combining these with (3.10) we get (3.9) and hence (3.8) holds. By the above, we have finished the proof of part (ii) of Theorem 1.1.
Proofs of Theorems 1.2-1.4
The following lemma is Frobenius' extension (cf. [BC15] ) of the Zolotarev lemma [Z] .
Lemma 4.1. Let n be a positive odd integer and let a ∈ Z be relatively prime to n. For j = 0, . . . , n − 1 let σ a (j) be the least nonnegative residue of aj modulo n. Then the permutation σ a on {0, . . . , n − 1} has the sign sign(σ a ) = ( a n ).
We also need another lemma. Lemma 4.2. Let n > 1 be an odd number and let a ∈ Z with gcd(a, n) = 1. Then
Proof. Let ζ = e 2πia/n . Clearly,
and hence
So (4.1) holds.
Proof of Theorem 1.2. In view of Lemma 4.1, for each δ = 0, 1 we have
we have D (0) n = 0. Now it remains to show that D
(1) n = n n−2 . Write ζ = e 2πi/n . Similar to (3.2), we have
for all j, k = 1, . . . , n − 1.
Combining this with Lemma 2.1, we see that D
( 1) n is the real part of the determinant
Combining this with Lemma 4.2, we immediately get D = (n n−2 ) 2 /n n−2 = n n−2 . Thus D
(1) n = Re(D) = n n−2 as desired. The proof of Theorem 1.2 is now complete.
Proof of Theorem 1.3. For any nonzero real number x, we obviously have
where n = (p − 1)/2 and ζ = e 2πi/p . Combining this with Lemma 2.1, we see that
Note that n k=1 ζ k 2 = 1 by (3.1).
Case 1. p ≡ 1 (mod 4), i.e., 2 | n. As (
, in view of (2.5) we have
By Lemma 2.5,
Case 2. p ≡ 3 (mod 4), i.e., 2 ∤ n. In light of (2.7),
Therefore, with the help of (2.9) we have det 2i
In view of the above, we have completed the proof of Theorem 1.3.
Proof of Theorem 1.4. The Galois group Gal(Q(e 2πi/p )/Q) consists of those automorphisms σ a (1 ≤ a ≤ p − 1) with σ a (e 2πi/p ) = e 2πia/p . By Gauss' Lemma, a p = (−1) |{1≤j≤(p−1)/2: {aj/p}>1/2}| .
For j = 1, . . . , (p − 1)/2 let π a (j) be the unique r ∈ {1, . . . , (p − 1)/2} with aj ≡ ±r (mod p). Using pth roots of unity, we get
In the case p ≡ 3 (mod 4), we have
Using quadratic Gauss sums we see that
Therefore σ a (D p / √ p) = D p / √ p for all a = 1, . . . , p−1, and hence D p / √ p ∈ Q.
The proof of Theorem 1.4 is now complete.
Some open conjectures
Conjecture 5.1. For any prime p ≡ 3 (mod 4), we have Let t n denote the nth term of the sequence [I16, A277445] . We guess that s n = −t n if n ≡ 3 (mod 4), and s n = t n otherwise.
Conjecture 5.3. For any odd integer n > 1, we have det tan 2 π j + k n 1 j,k n−1 ∈ n n−2 Z. 2 (n−1)/2 . (5.14)
Remark 5.5. We have checked this conjecture via Mathematica; for example, we have verified (5.11) for all n = 1, . . . , 12.
